Finitely Generated Flat Modules and Determinantal Rank. by Cox, Samuel Harry, Jr
Louisiana State University
LSU Digital Commons
LSU Historical Dissertations and Theses Graduate School
1968
Finitely Generated Flat Modules and
Determinantal Rank.
Samuel Harry Cox Jr
Louisiana State University and Agricultural & Mechanical College
Follow this and additional works at: https://digitalcommons.lsu.edu/gradschool_disstheses
This Dissertation is brought to you for free and open access by the Graduate School at LSU Digital Commons. It has been accepted for inclusion in
LSU Historical Dissertations and Theses by an authorized administrator of LSU Digital Commons. For more information, please contact
gradetd@lsu.edu.
Recommended Citation
Cox, Samuel Harry Jr, "Finitely Generated Flat Modules and Determinantal Rank." (1968). LSU Historical Dissertations and Theses.
1475.
https://digitalcommons.lsu.edu/gradschool_disstheses/1475
This dissertation has been  
microfilmed exactly as received 69-4458
COX, Jr., Samuel Harry, 1942- 
FINITELY GENERATED FLAT MODULES AND 
DETERM1NANTAL RANK.
Louisiana State University and Agricultural and 
Mechanical College, Ph.D., 1968 
Mathematics
University Microfilms, Inc., Ann Arbor, Michigan
FINITELY GENERATED PLAT MODULES 
AND DETERMINANTAL RANK
A D i s s e r t a t i o n
S u b m i t t e d  t o  t h e  G r a d u a t e  F a c u l t y  o f  t h e  
L o u i s i a n a  S t a t e  U n i v e r s i t y  an d  
A g r i c u l t u r a l  a n d  M e c h a n i c a l  C o l l e g e  
i n  p a r t i a l  f u l f i l l m e n t  o f  t h e  
r e q u i r e m e n t s  f o r  t h e  d e g r e e  o f  
D o c t o r  o f  P h i l o s o p h y
i n
The D e p a r t m e n t  o f  M a t h e m a t i c s
by
S a m u e l  H a r r y  Cox,  J r .
B . A . ,  T e x a s  C h r i s t i a n  U n i v e r s i t y . ,  1 9 6 3  
M . S . ,  T e x a s  C h r i s t i a n  U n i v e r s i t y ,  1 9 6 5  
A u g u s t ,  1 9 6 8
ACKNOWLEDGMENT
I  am g r a t e f u l  t o  P r o f e s s o r  R o b e r t  L .  P e n d l e t o n  
f o r  h i s  g u i d a n c e  a n d  I n s t r u c t i o n  b e f o r e  a n d  d u r i n g  t h e  w r i t i n g  
o f  t h i s  d i s s e r t a t i o n .
ii
TABLE OF CONTENTS
PAGE
ACKNOWLEDGMENT . .  ...............   i i
ABSTRACT ..............................................................................................    i v
INTRODUCTION ......................................................................    1
PRELIMINARIES .................................................................................................. 4
CHAPTER I  ............................................................................................................  6
CHAPTER I I  .........................................................................................................  20
CHAPTER I I I  ............................................................................... ' ......................  26
BIBLIOGRAPHY ....................................................................................................  28
BIOGRAPHY ......................................................................................................   29
ABSTRACT
The o b j e c t  o f  t h i s  p a p e r  i s  t o  d e t e r m i n e  s u f f i c i e n t
c o n d i t i o n s  f o r  a  f i n i t e l y  g e n e r a t e d  f l a t  R - m o d u le  t o  b e
p r o j e c t i v e .  A l l  r i n g s  a r e  c o m m u t a t i v e  w i t h  i d e n t i t y .  In.
C h a p t e r  I ,  i t  i s  shown, t h a t  a  f i n i t e l y  g e n e r a t e d  R -m o d u le  M
i s  p r o j e c t i v e  i f  a n d  o n l y  i f  M i s  f l a t  a n d  t h e r e  i s  an
e x a c t  s e q u e n c e  0 -* M -» F -♦ E w i t h  F an d  E p r o j e c t i v e
R - m o d u l e s .  A c o r o l l a r y  i s  t h a t  a  f i n i t e l y  g e n e r a t e d  R -m o d u le
M i s  p r o j e c t i v e  i f  a n d  o n l y  i f  M i s  f l a t ,  r e f l e x i v e  a n d
M = HomR (M,R) i s  f i n i t e l y  p r e s e n t e d .  We g i v e  an. e x a m p l e
o f  a  c y c l i c  f l a t  r e f l e x i v e  i d e a l  M i n  a  r i n g  R s u c h  t h a t  
*
M i s  c y c l i c  b u t  M i s  n o t  p r o j e c t i v e .
I n  C h a p t e r  I I ,  we s t u d y  t h e  f o l l o w i n g  c o n d i t i o n ,  o n
a  r i n g  R.
(FP) E a c h  f i n i t e l y  g e n e r a t e d  f l a t  R - m o d u le  i s  p r o j e c t i v e .
I t  i s  shown, t h a t  a  s u b r i n g  o f  a  r i n g  s a t i s f y i n g  (FP) m u s t  
s a t i s f y  ( F P ) . We a l s o  show t h a t  i f  t h e  J a c o b s o n  r a d i c a l  o f  
a  r i n g  R c o n t a i n s  a  f i n i t e  i n t e r s e c t i o n  o f  p r i m e  i d e a l s  t h e n  
R s a t i s f i e s  ( F P ) .
I n  C h a p t e r  I I I ,  we l i s t  some q u e s t i o n s  w h i c h  a r e  
s t i l l  o u t s t a n d i n g .
INTRODUCTION
By r i n g  we mean c o m m u t a t i v e  r i n g  w i t h  i d e n t i t y .
L e t  R h e  a  r i n g .  R -m o d u le  m ean s  u n i t a r y  R - m o d u l e .
d e n o t e s  t h e  c a t e g o r y  o f  R - m o d u l e s  a n d  R - h o m o m o r p h i s m s .
M o rp h ism  m e a n s  R -h o m o m o rp h ism ,  f . g .  m e a n s  f i n i t e l y  g e n e r a t e d ^
a n d  f . p .  m e a n s  f i n i t e l y  p r e s e n t e d .  A mono ( e p i )  i s  a
m o r p h i s m  w h i c h  i s  o n e - t o - o n e  ( o n t o ) . An i s o  i s  a  mono w h i c h
/ \ *I s  a l s o  an e p i .  We u s e  ( • )  t o  d e n o t e  t h e  f u n c t o r
H o m p j ( ' jR ) .  J ( R )  d e n o t e s  t h e  J a c a b s o n  r a d i c a l  o f  R.
D e f i n i t i o n .  M e C- i s  f l a t  i f  t h e  f u n c t o r  i s  e x a c t . ■    ^
D e f i n i t i o n . M-e i s  p r o j e c t i v e  I f  t h e  f u n c t o r
Hoirip,(M, •) i s  e x a c t .
I t  i s  w e l l  known t h a t  p r o j e c t i v e  R - m o d u l e s  a r e  f l a t .  
We a r e  _ i n t e r e s t e d  i n  d e t e r m i n i n g  when a  f . g .  f l a t  R - m o d u le  
M i s  p r o j e c t i v e .  T h e r e  a r e  tw o  w ays  o f  a p p r o a c h i n g  t h i s  
p r o b l e m .  F i r s t s  o n e  c a n  s e e k  a  n e c e s s a r y  a n d  s u f f i c i e n t
c o n d i t i o n  on M f o r  M t o  b e  p r o j e c t i v e  w i t h  R b e i n g
a r b i t r a r y .  Second^  o n e  c a n  t r y  t o  c h a r a c t e r i z e  t h e  c l a s s  o f  
r i n g s  R w h i c h  s a t i s f y
(FP)  e a c h  f . g .  f l a t  R - m o d u le  i s  p r o j e c t i v e .
I n  t h e  f i r s t  way., o n e  n a t u r a l l y  s e a r c h e s  f o r  s u c h  a  
c o n d i t i o n  among t h e  p r o p e r t i e s  o f  a  f . g .  p r o j e c t i v e  R - m o d u l e .
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2F o r  e x a m p l e ,  e a c h  f . g .  p r o j e c t i v e  R -m o d u le  i s  f . p . ,  a n d  i t  
i s  w e l l  known t h a t  a  f . p .  f l a t  R -m o d u le  i s  p r o j e c t i v e .  O t h e r  
p r o p e r t i e s  o f  a  f . g .  p r o j e c t i v e  R -m o d u le  M a r e
(1 )  M i s  a  s u b m o d u le  o f  a  f r e e  R - m o d u l e .
F( 2 )  M i s  a  s u b m o d u le  o f  a  f r e e  R -m o d u le  F a n d  /M i s  a
s u b m o d u le  o f  a  f r e e  R - m o d u l e .
(3) M* i s  f . p .
(4) M* i s  f . g .
( 5 )  M i s  r e f l e x i v e ,  i . e . ,  t h e  n a t u r a l  m o r p h i s m  M -* M**
i s  an i s o .
The p r o b l e m  o f  d e t e r m i n i n g  i f  a  f . g .  f l a t  R - m o d u le  M 
s a t i s f y i n g  (1 )  i s  p r o j e c t i v e  was  p o s e d  b y  M. A u s l a n d e r  i n  
o r a l  c o n v e r s a t i o n .  W. S m i t h  c o n s i d e r s  t h e  s p e c i a l  c a s e  o f  
f . g .  f l a t  i d e a l s  i n  [ 6 ] ,  F o r  C h a p t e r  I  we g i v e  an e x a m p l e  
o f  a  f . g .  f l a t  i d e a l  M o f  a  r i n g  R s u c h  t h a t  M* i s  f . g . ,
M i s  r e f l e x i v e ,  b u t  M i s  n o t  p r o j e c t i v e .  I n  t h e  same 
c h a p t e r  we p r o v e  t h a t  a  f . g .  f l a t  R - m o d u le  M s a t i s f y i n g  
(2 )  i s  p r o j e c t i v e .  As a  c o r o l l a r y  we g e t  t h a t  a  f . g .  f l a t  
R - m o d u le  s a t i s f y i n g  ( 3 )  a n d  ( 5 ) i s  p r o j e c t i v e .
W e l l  known c o n d i t i o n s  on a  r i n g  R s u f f i c i e n t  t o  
i m p l y  R s a t i s f i e s  (FP)  a r e
( a )  R i s  an i n t e g r a l  d o m a i n .
(b )  R i s  n o e t h e r i a n .
( c )  R i s  s e m i - l o c a l ,  i . e . ,  R h a s  f i n i t e l y  many m a x i m a l
i d e a l s .
3I n  [ 3 ] j  S .  Endo  p r o v e s  t h a t  t h e  f o l l o w i n g  c o n d i t i o n ,  w h i c h  
i s  a  common g e n e r a l i z a t i o n  o f  ( a ) ,  ( b ) ,  a n d  ( c ) ,  a l s o  i s
s u f f i c i e n t  f o r  R t o  s a t i s f y  ( F P ) .
( d )  R h a s  a  m u l t i p l i c a t i v e  s y s t e m  S o f  r e g u l a r  e l e m e n t s
s u c h  t h a t  Rg i s  s e m i - l o c a l .
Endo c o n j e c t u r e s  i n  [ 3 ]  t h a t  ( d )  i s  a l s o  n e c e s s a r y  a n d  p r o v e s  
t h a t  i t  i s  i n  some s p e c i a l  c a s e s .  The c o n d i t i o n
( e )  R h a s  p r i m a r y  i d e a l s  Q^, . . .Q^ s u c h  t h a t  Pi = 0
i s  shown t o  b e  s u f f i c i e n t  f o r  R t o  s a t i s f y  (F P)  b y  K.
Mount  i n  [ 5 ] .  I n  C h a p t e r  I I ,  we w i l l  show t h a t  e a c h  o f  t h e
f o l l o w i n g  i s  s u f f i c i e n t  f o r  R t o  s a t i s f y  ( F P ) .
( f ) R i s  a  s u b r i n g  o f  a  r i n g  R l w h i c h  s a t i s f i e s  ( F P ) .
( g )  R h a s  p r i m e  i d e a l s  P p ■ > • • • . » s u c h  t h a t  fl P ^ c  J  (R) .
( h )  R i s  a  s u b r i n g  o f  a  r i n g  R ’ w h i c h  s a t i s f i e s  c o n d i t i o n
( g )  •
C o n d i t i o n  ( h )  g e n e r a l i z e s  ( d )  a n d  ( e ) . We w i l l  g i v e  an 
e x a m p l e  o f  a  r i n g  s a t i s f y i n g  ( h )  b u t  n o t  ( d ) . T h u s  E n d o ' s  
c o n j e c t u r e  i s  f a l s e .
PRELIMINARIES
L e t  R b e  a  r i n g  a n d  M an R - m o d u l e .  L e t  
(E) 0 - » K - * F - * M * + 0  b e  an e x a c t  s e q u e n c e  w i t h  F f r e e .  
T h e s e  a r e  e q u i v a l e n t :
( F I )  M i s  f l a t .
( F 2 )  x x , . . . , x n e K =» 3 F ^  K • 3 • f  ( x ± ) = x ± 
f o r  a l l  i  = 1 , . . . , n .
(F 3 )  x e  K =» 3 F ^  K *3 • f  ( x ) = x  .
I f  M i s  f . g . ,  t h e n  ( F I )  i s  e q u i v a l e n t  t o
(F 4 )  Y m a x i m a l  i d e a l s  p o f  R, M_^  i s  a  f r e e
R - m o d u l e .
P
T h e s e  a r e  e q u i v a l e n t :
( P I )  M i s  p r o j e c t i v e .
( P 2 )  The s e q u e n c e  (E )  s p l i t s .
I f  M i s  f . g . ,  t h e n  e a c h  o f  (P 3 )  a n d  (P 4 )  i s  e q u i v a l e n t  
t o  ( P I ) .
( P 3 )  Y m a x i m a l  i d e a l s  p o f  R, 3 f  e R \  p *3 *
i s  a  f r e e  R ^ - m o d u l e .
(P 4 )  M i s  f l a t  a n d  f . p .
(L)  I f  M H N i s  a  m o r p h i s m  o f  R - m o d u l e s ,  t h e n  u  i s
mono ( r e s p .  e p i ,  i s o )  i f  a n d  o n l y  i f  Y m a x i m a l  i d e a l s  
p o f  R Up i s  mono ( r e s p .  e p i ,  i s o ) .
5I f  (S )  d e n o t e s  a n y  o f  t h e  a b o v e  s t a t e m e n t s  a n d  
( S ' )  i s  t h e  s t a t e m e n t  o b t a i n e d  f r o m  (S)  b y  r e p l a c i n g  
" m a x im a l "  b y  " p r i m e " ,  t h e n  (S )  a n d  ( S ' )  a r e  e q u i v a l e n t .
F o r  p r o o f s  s e e  [ 1 ] .  We u s e  t h e  a b o v e  s t a t e m e n t s  
w i t h o u t  r e f e r e n c e .
CHAPTER I
I n  t h e  f i r s t  p a r t  o f  t h i s  c h a p t e r  we p r o v e  t h a t
a f . g .  f l a t  s u b m o d u l e  M o f  a  f r e e  R - m o d u l e  F s u c h  t h a t
F/M i s  a  s u b m o d u l e  o f  a  f r e e  m o d u l e  i s  p r o j e c t i v e .  F o r  
t h e  s e c o n d  p a r t  we g i v e  an  e x a m p l e  o f  a  f . g .  f l a t  s u b m o d u l e  
M o f  a  f r e e  R - m o d u l e  s u c h  t h a t  M i s  r e f l e x i v e ,  M* i s  
f . g . ,  b u t  M i s  n o t  p r o j e c t i v e .
L e t  R b e  a  r i n g .  I f  E H F i s  a  m o r p h i s m  o f
f . g .  f r e e  R - m o d u l e s ,  t h e n  r k ( u ) ,  t h e  r a n k  o f  u  , i s  d e f i n e d
b y  r k ( u )  = m a x { n |A u  ^  °3  w h e r e  A d e n o t e s  n —  e x t e r i o r  
p o w e r .  I f  X I s  t h e  m a t r i x  o f  u  r e l a t i v e  t o  b a s e s  o f  E 
a n d  F ,  t h e n  r k ( u )  i s  a l s o  t h e  s i z e  o f  a m a x i m a l  n o n - z e r o
m i n o r  o f  X. I f  S i s  a  m u l t i p l i c a t i v e  s y s t e m  i n  R, t h e n
r k ( u g )  d e n o t e s  t h e  r a n k  o f  u ^  a s  an R ^ - m o r p h i s m ,
1 . 1 .  Lemma. L e t  R b e  a  r i n g  a n d  S a  m u l t i p l i c a t i v e  
s y s t e m  i n  R.  T h en  t h e  d i a g r a m
CR
& Rr
V
" R r
•n
A
n
A
->  CR
V
-> c
& R,
V
c o m m u te s  i n  t h e  s e n s e  t h a t  t h e  tw o  c o m p o s i t e  f u n c t o r s  a r e
6
7n a t u r a l l y  i s o m o r p h i c .
P r o o f . We o m i t  t h e  p r o o f :  i t  f o l l o w s  d i r e c t l y  f r o m  t h e
!sd e f i n i t i o n  o f  A a n d  t h e  f a c t  t h a t  [ § ( * ) ]  & R q an d
S  [ ( •) fi Rg ] a r e  n a t u r a l l y  i s o m o r p h i c .
1 . 2 .  C o r o l l a r y . I f  E H F i s  a  m o r p h i s m  o f  f . g .  f r e e
R - m o d u l e s  a n d  i f  S an d  T a r e  m u l t i p l i c a t i v e  s y s t e m s  i n
R s u c h  t h a t  S c= T , t h e n  r k ( u T ) < r k ( u s ) .
P r o o f . I f  A(Ug) = 0 ,  t h e n  b y  1 . 1  (A u)g  = 0 .  As 
S c  T ,  (Au ) t  = 0 .  By 1 . 1  a (ut ) = 0 .  T h e r e f o r e  
r k ( u T ) < r k ( u s ) .
I f  t h e  c o n d i t i o n  "S c  T" i n  1 . 2  i s  r e p l a c e d  b y  
"R -» Rt  f a c t o r s  t h r o u g h  R -♦ Rg" , t h e n  t h e  r e s u l t i n g  s t a t e m e n t  
i s  t r u e .
1 . 3 «  C o r o l l a r y . I f  E ^  F i s  a  m o r p h i s m  o f  f . g .  f r e e
R - m o d u l e s  a n d  I f  T i s  a m u l t i p l i c a t i v e  s y s t e m  i n  R , t h e n
3 f  e T *3 • r k ( u f ) = r k ( u T ) .
n +1  n +1
P r o o f . L e t  n = r k ( u T ) . S i n c e  A (u T ) = 0 ,  ( A u ) T = 0  b y
n + 1  n +1
1 . 1 .  S i n c e  A E i s  f . g . ,  3 f e T * 3 *( A u ) ^  = 0 .  By 1 . 1 ,
n + 1 . . . .
A ( u f ) = 0 .  H e n c e ,  r k ( u f ) < n + 1 = r k ( u T ) + l .  By 1 . 2 ,
rk (u rp )  < r k ( u f ) .  H e n c e ,  r k ( u ^ )  = r k (u ,p )  .
1 . 4 .  T h e o r e m . I f  0 + E % F H G i s  an e x a c t  s e q u e n c e  o f  f . g .  
f r e e  R - m o d u l e s ,  t h e n  d im (E )  + r k ( u )  = d i m ( F ) .
8The p r o o f  i s  som ew hat  t e c h n i c a l  a n d  w i l l  "be g i v e n  
a t  t h e  e n d  o f  C h a p t e r  I .
1 . 5 .  T h e o r e m . I f  E F ^  G i s  an e x a c t  s e q u e n c e  o f  f . g .  
f r e e  R - m o d u le s  s u c h  t h a t  Im age  (v )  i s  a  f l a t  R -m o d u le  a n d  
dim('E) + r k ( u )  = d i m ( F ) ,  t h e n  v  i s  a  mono.
P r o o f . L e t  p h e  a  p r i m e  i d e a l  o f  R an d  l e t  M = Im age  ( v ) .
The s e q u e n c e  E —> F G i s  e x a c t .  S i n c e  M i s  f l a t  an d
P P P
f * g * j  Mp a  f r e e  R ^ - m o d u l e . S i n c e  = Image  (V p ) ,
dim(Mp) < d i m ( E p ) .  By 1 . 2 ,  r k ( U p )  < r k ( u ) . H e n c e ,  
d im (E p )  = d im (E )  = d i m ( F )  -  r k ( u )  < d i m ( F )  -  r k ( U p )  = 
d i m ( F p ) -  r k ( U p ) .  A p p l y i n g  1 . 4  t o  t h e  e x a c t  s e q u e n c e
0 M c  F -£•> G o f  f ' . g .  f r e e  R - m o d u l e s ,  we g e t  
P - P  P & P
dim(Mp) = d im (F p )  -  r k ( U p ) . T h e r e f o r e ,  d im (E p )  < d i m ( M p ) .
T h u s  Ep -» Mp i s  an e p i m o r p h i s m  o f  f . g .  f r e e  R p - m o d u l e s  o f  
t h e  same d i m e n s i o n .  I t  f o l l o w s  f r o m  [ l , p , 1 1 3 ,  C o r o l l a r y  5 ] 
t h a t  Ep -+ Mp i s  an  i s o .  H e n c e ,  f o r  a l l  p r i m e  i d e a l s  p  o f  
R, Vp i s  a  mono.  T h e r e f o r e ,  v  i s  a  mono.
1 . 6 .  T h e o r e m . L e t  M b e  a  f . g .  R - m o d u l e .  Then  M i s  
p r o j e c t i v e  i f  and  o n l y  i f  M i s  f l a t  a n d  t h e r e  i s  an e x a c t
s e q u e n c e  0 -» M -» F ^  G w i t h  F a n d  G f r e e  R - m o d u l e s .
P r o o f .  I f  M i s  p r o j e c t i v e ,  t h e n  M i s  a  d i r e c t  summand
o f  a  f r e e  R - m o d u l e ,  s o  c l e a r l y  o n e  c a n  c o n s t r u c t  t h e  r e q u i r e d  
s e q u e n c e .  F o r  t h e  c o n v e r s e ,  we f i r s t  r e d u c e  t o  t h e  c a s e  when
9F a n d  G a r e  f . g .  S i n c e  M i s  f . g . ,  i t  i s  c o n t a i n e d  i n
a  f . g .  f r e e  s u b m o d u le  F 1 o f  F .  Then  F ' / M  i s  c o n t a i n e d
i n  a  f . g .  f r e e  s u b m o d u le  G1 o f  G. So we c a n  c o n s t r u c t  an
e x a c t  s e q u e n c e  0 -> M -» F '  •+ G' w i t h  F 1 a n d  G' f . g .  f r e e .
H e n c e ,  we may a s s u m e  F a n d  G a r e  f . g .  L e t  p b e  a  p r i m e
i d e a l  o f  R , I  = r k ( u p ) ,  a n d  m = dim(Mp ) .  By 1 . 3 *
a f e  R \ p  *3 * rk (u f 0 = I  . S i n c e  i s  a  f r e e  Rp - m o d u l e  o f
d i m e n s i o n  m, t h e r e  i s  a n  R - m o r p h i s m  Rm ^  M • 3 *wp i s  an  e p i
( i n  f a c t  wp i s  an  i s o ) .  S i n c e  M i s  f . g . ,
3 h  e R \ p  * 3  -w. i s  an  e p i  [ l , p . 1 3 6 ,  P r o p  . 2]  . L e t  g = f  h  .
%  u
Now r k ( u  ) -  I ,  g e R \ p ,  t h e  s e q u e n c e  R^ —” > F n. Gs § s s
o f  f . g .  f r e e  R - m o d u l e s  i s  e x a c t ,  and  M„ = Im a g e (w „ )  i s& g * g  \ g /
a  f l a t  R g - m o d u l e . By 1 . 4 ,  dim(Mp ) + r k ( u p ) = d i m ( F p ) .  So
m + t  = d i m ( F ) ,  i . e .  d im (R m) + r k ( u  ) = d i m ( F  ) .  T h e r e f o r e ,
§ §  S
b y  1 . 5 ,  w i s  a  mono .  H ence  M = Im a g e (w  ) i s  a  f r e e
§  S B
R - m o d u l e . We h a v e  shown t h a t  f o r  e a c h  p r i m e  i d e a l  p o fs
R H g e  R \ p  * 3* M i s  a  f r e e  R - m o d u l e .  H e n c e ,  M i s  ^  g g
p r o j e c t i v e .
1 . 7 .  C o r o l l a r y . L e t  M b e  a  f . g .  R - m o d u l e .  Then  M i s  
p r o j e c t i v e  i f  a n d  o n l y  i f  M i s  f l a t  a n d  t h e r e  i s  an  e x a c t
s e q u e n c e  0 -♦ M -+ F -* G w i t h  F a n d  G p r o j e c t i v e
R - m o d u l e s .
P r o o f . I f  M i s  p r o j e c t i v e ,  we c a n  l e t  v  = 1 ^  a n d  u = 0 .
C o n v e r s e l y ,  s i n c e  F i s  p r o j e c t i v e ,  HN * 3 * F ® N  i s  a  f r e e
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R - m o d u l e .  L e t  F -> F © N b e  t h e  c a n o n i c a l  i n j e c t i o n .  The
u©%
s e q u e n c e  0 M —> F © N   > G © N  i s  e x a c t .  S i n c e  G a n d
N a r e  p r o j e c t i v e ,  G © N  i s  a l s o  p r o j e c t i v e .  H e n c e ,  G©N 
i s  c o n t a i n e d  in.  a  f r e e  R - m o d u l e .  . T h u s ,  b y  1 . 6 ,  M i s  
p r o j e c t i v e .
1 . 8 .  C o r o l l a r y . L e t  M b e  a  f . g .  R - m o d u l e .  Then. M i s
p r o j e c t i v e  i f  a n d  o n l y  i f  M i s  f l a t ,  r e f l e x i v e ,  a n d  M* 
i s  f i n i t e l y  p r e s e n t e d .
P r o o f . I f  M i s  p r o j e c t i v e ,  t h e n  M i s  a d i r e c t  summand 
o f  a  f . g .  f r e e  R - m o d u l e .  T he  a d d i t i v i t y  o f  t h e  f u n c t o r
( • )  a n d  t h e  f a c t  t h a t  f . g .  f r e e  m o d u l e s  a r e  r e f l e x i v e  
i m p l y  t h a t  M i s  r e f l e x i v e  a n d  M* i s  f . p .  Of c o u r s e ,
M i s  f l a t .  C o n v e r s e l y ,  s i n c e  M* i s  f . p . ,  t h e r e  i s  an
e x a c t  s e q u e n c e  F E ^  M* -+ 0 w i t h  F a n d  E f . g .  f r e e
GCr
R - m o d u l e s .  L e t  M -> M** b e  t h e  n a t u r a l  m o r p h i s m .  M
r e f l e x i v e  m ean s  a  i s  an i s o .  So t h e  s e q u e n c e  
g * a  f *
0 —> M -----> E *  — > F* i s  e x a c t  w i t h  F* a n d  E* f . g .  f r e e
R - m o d u l e s .  By 1 . 6 ,  M i s  p r o j e c t i v e .
1 . 9 .  E x a m p l e . We g i v e  a  c o n s t r u c t i o n  w h i c h  y i e l d s  a  c y c l i c  
f l a t  n o n - p r o j e c t i v e  i d e a l .  L e t  S b e  a  r i n g  w h i c h  a d m i t s  
a  c o m m u t a t i v e  S - a l g e b r a  A 0 s a t i s f y i n g
(1 )  t h e r e  i s  a  r e g u l a r  e l e m e n t  t  o f  S s u c h  t h a t  t A =  0 .
(2 )  A h a s  n o  m u l t i p l i c a t i v e  i d e n t i t y .
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( 3 )  Y a e A  3 b e  A * 3 - l ) a  = a .
L e t  R = S x A w i t h  t h e  u s u a l  c o o r d i n a t e  a d d i t i o n  an d  
m u l t i p l i c a t i o n  d e f i n e d  "by
( r j a ) ( s , b )  = ( r s , r b  + s a  + a b )  .
R i s  .a r i n g .  L e t  M h e  t h e  i d e a l  o f  R g e n e r a t e d  b y
r  = ( t * 0 )  w h e r e  t  i s  a  r e g u l a r  e l e m e n t  o f  S s u c h  t h a t  
t  A =  0 .  The s e q u e n c e  
(E) 0 - *  Anr^M) -» R -+ M -+ 0
i s  e x a c t .  The m o r p h i s m  i n t o  R i s  t h e  i n c l u s i o n  a n d  t h e
m o r p h i s m  o u t  o f  R i s  d e f i n e d  b y  1  -» r  . By ( F 3 ) j M i s
f l a t  i f  a n d  o n l y  i f  x  e Ann(M) i m p l i e s  3 y e  A n n ( M ) • 3 *yx = x .
L e t  x  e Ann(M)* s a y  x  = ( s , a ) .  S i n c e  x r  = 0* t s  = 0 .  As
t  ‘ i s  r e g u l a r *  s  = 0 .  By (3 )*  3 b e A • 3 * b a  = a .  L e t  y  = ( 0 * b )  .
Then  y r  = ( 0 * b ) ( t * 0 )  = ( 0 * t b )  = 0 s i n c e  t  A = 0  . So
y  e Ann(M) . A lso , ,  y x  = ( 0 * b ) ( 0 * a )  = ( 0 * b a )  = ( 0 , a )  = x .  
T h e r e f o r e *  M i s  f l a t .  M i s  n o t  p r o j e c t i v e :  I f  M i s
p r o j e c t i v e *  t h e n  (E) s p l i t s .  So Ann(M) i s  g e n e r a t e d  b y  
an i d e m p o t e n t  g  o f  R. S i n c e  g r  = 0 a n d  t  i s  r e g u l a r  
g = (0 * u )  f o r  some u  e A. S i n c e  A ^  ann(M ) 0 .  So
u 4= 0 .  L e t  c e A. S i n c e  t A - 0  * we h a v e  ( 0 * c ) r  = 0 .  So 
( 0 * c )  e Ann(M).  T h e r e f o r e *  ( 0 * c )  = ( 0 * c ) g  = ( 0 * c ) ( 0 * u ) = ( 0 * c u ) . 
Hence* c = u c . S i n c e  c i s  a r b i t r a r y *  u  i s  a  
m u l t i p l i c a t i v e  i d e n t i t y  o f  A. T h i s  c o n t r a d i c t s  ( 2 )  s o  M 
i s  n o t  p r o j e c t i v e .
We w i l l  s p e c i a l i z e  t h e  c o n s t r u c t i o n  g i v e n  i n  1 . 9  i n
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s u c h  a  way t h a t  M i s  a l s o  r e f l e x i v e  a n d  M* i s  c y c l i c .  We 
w i l l  n e e d  t h e  f o l l o w i n g  lem m a.
1 . 1 0 .  Lemma. I f  M i s  a  c y c l i c  i d e a l  o f  a  r i n g  R s u c h  
t h a t  Ann Ann (M) = M, t h e n  M* i s  c y c l i c  a n d  M i s  
r e f l e x i v e .
P r o o f . L e t  c b e  t h e  i n c l u s i o n  o f  M c  R. L e t  x g e n e r a t e
c cp
M. The s e q u e n c e  0 -+ M R -» R/M ■+ 0 i s  e x a c t  a n d  y i e l d s
an e x a c t  s e q u e n c e
0 -> (R/M) ^  R* M* . I n  f a c t ,  c*  i s  an  e p i :  L e t
ff  e M*, i . e .  M -♦ R.  Then, f  ( x )  e Ann Ann (M) s i n c e
( r  e R, r x  = 0 )  =» r f ( x )  = f ( r x )  = 0 .  S i n c e
Ann Ann (M) = M = Rx,  E g e  R *3* f ( x )  = g x . L e t  g  a l s o
d e n o t e  t h e  m o r p h i s m  R -* R w h i c h  i s  m u l t i p l i c a t i o n  b y  g .
Then g c  = f  o r ,  e q u i v a l e n t l y ,  c * ( g )  = f .  T h u s  c*  i s  an
e p i .  I t  f o l l o w s  t h a t  M* i s  c y c l i c  an d  t h a t  
r **  p s a  mo n o .  The d i a g r a m
M _ _ -----.2------------> R
a M „ a R
M * *  * *
M -------- **------------> R
c
com m u tes  w h e r e  t h e  a ' s  a r e  t h e  n a t u r a l  m o r p h i s m s . A l s o  
a R i s  an  i s o .  S i n c e  t h e  d i a g r a m  c o m m u te s ,  i s  a  mono.
“i
Wow Im age  ( c )  = M a n d  Im age  (a~ c * * )  = Ann Ann(M) = M.
R
T h e r e f o r e ,  b e c a u s e  c * *  i s  a  mono,  a M i s  an  e p i .  H e n c e ,  M
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i s  r e f l e x i v e .
1 . 1 1 .  E x a m p l e . C o n s i d e r  t h e  f o l l o w i n g  s p e c i a l  c a s e  o f  t h e  
c o n s t r u c t i o n  i n  1 . 9 :  L e t  S b e  t h e  r i n g  o f  i n t e g e r s .  L e t
A b e  t h e  s e t  o f  f u n c t i o n s  f  f r o m  an  i n f i n i t e  s e t  I  i n t o  
S ' / (2 )  w h i c h  a r e  z e r o  on t h e  c o m p le m e n t  o f  a  f i n i t e  s u b s e t  o f
I .  W i t h  p o i n t w i s e  o p e r a t i o n s ,  A i s  an  S - a l g e b r a  s a t i s f y i n g  
(1 )  -  (3 )  i n  1 . 9  w h e r e  t  = 2 in. ( 1 ) .  H e n c e ,  t h e  i d e a l  M o f  
H = S x A g e n e r a t e d  b y  r  = ( 2 , 0 )  i s  f l a t  b u t  n o t  p r o j e c t i v e .
In  t h i s  c a s e ,  M* i s  c y c l i c  an d  M i s  r e f l e x i v e :  By 1 . 1 0
we n e e d  o n l y  show Ann Ann(M) = M. L e t  x  e Ann A nn(M ) .
W r i t e  x  = ( n , a ) .  I t  i s  c l e a r  t h a t  Ann(M) = (0 )  x A, s o  
x  e A n n ( ( 0 ) x A ) .  H ence  V g e A , 0  = x ( 0 , g )  = ( n , a )  ( 0 , g ) =  ( 0 , n g + a g ) .  
T h e r e f o r e ,  V g e A ,  n g  + a g  = 0 .  C hoose  g  e A *3 * f o r  some 
i  e I  g ( i )  = 1 a n d  a ( i )  = 0 .  Then  n 1 =  0 ,  s o  2k = n  
f o r  some k  e S . S i n c e  a  e A, 0 = n a  + a a  -  2 k a  + a a  =
r
0 + a a  = a a  = a .  T h e r e f o r e ,  x  -  ( n , a )  = ( n , 0 )  = ( 2 k , 0 )  =
( 2 , 0 ) ( k , 0 )  e R ( 2 , 0 )  = M. H en c e  Ann Ann(M) = M. T h e r e f o r e ,
M i s  c y c l i c ,  f l a t ,  r e f l e x i v e ,  n o t  p r o j e c t i v e  a n d  M* i s  
c y c l i c .  T h i s  show s  t h a t  t h e  c o n d i t i o n  "M* i s  f . p . "  i n  1 . 8  
c a n n o t  b e  w e a k e n e d  t o  "M* i s  f . g . " .
Now we s t a r t  t h e  p r o o f  o f  1 . 4 .  I t  i s  d i v i d e d  i n t o  
t h r e e  p a r t s .  B e f o r e  s t a r t i n g  P a r t  A, we l i s t  some n o t a t i o n  
a n d  r e s u l t s  f r o m  l i n e a r  a l g e b r a .
I f  p a n d  q a r e  i n t e g e r s ,  t h e n  [ p , q ]  d e n o t e s
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t h e  s e t  o f  i n t e g e r s  x  s u c h  t h a t  p < x  < q .  ( I f  p > q_ ,
t h e n  [ p j q . ] =(15).  I f  I  i s  a  s e t ,  | l |  d e n o t e s  t h e
c a r d i n a l i t y  o f  I .  I f  k  i s  an i n t e g e r  a n d  I c [ l , k ] ,  t h e n
I 1 (k )  d e n o t e s  t h e  c o m p l e m e n t  o f  I  i n  [ l , k ] ,  I f  t h e  r o l e
o f  k  i s  c l e a r  f r o m  c o n t e x t ,  we w i l l  w r i t e  I 1 r a t h e r  t h a n
l ' ( k ) .  T h r o u g h o u t  t h e  r e s t  o f  t h i s  d i s c u s s i o n  R i s  a
f i x e d  r i n g  a n d  a l l  m o d u l e s  m e n t i o n e d  a r e  f r e e .  I f  E ^  P
i s  a  m o r p h i s m  o f  R - m o d u l e s  an d  i f  ( e . )  a n d  ( f . )  a r e
iel
b a s e s  o f  E an d  F r e s p e c t i v e l y ,  we a g r e e  t o  c a l c u l a t e  t h e  
m a t r i x  U = ( u . .)  o f  u  r e l a t i v e  t o  t h e s e  b a s e s  b y  w r i t i n g
-L J
u ( e . )  = £ u .  . f .  f o r  e a c h  j  e J .  I f  p i s  a  p o s i t i v e
J i e l
i n t e g e r  a n d  i f  H c  I , K  c  J *3 • | h |  = | k |  = p , t h e n  Ujj ^  
d e n o t e s  t h e  c o r r e s p o n d i n g  p - m i n o r  o f  U, i . e . ,  ^  i s  t h e
d e t e r m i n a n t  o f  t h e  p  x p - s u b m a t r i x  o f  U d e t e r m i n e d  b y  t h e  
ro w s  i n  H an d  t h e  c o l u m n s  i n  K. I f  p  I s  a  p o s i t i v e
i n t e g e r ,  t h e n  D ( u , p )  i s  t h e  i d e a l  o f  R g e n e r a t e d  b y  t h e  
p - m i n o r s  o f  U. D ( u , p )  i s  i n d e p e n d e n t  o f  t h e  c h o i c e  o f  
b a s e s  [ 4 ] .  I f  p i s  a  p o s i t i v e  i n t e g e r  a n d  H c [ l , p ] ,  th en .
J
PH = (-1) where £ is the number of pairs (i,j) in
H X H 1 • 3 • j < i.
L a p l a c e ' s  E x p a n s i o n . L e t  X b e  an. n x n. -  m a t r i x  o v e r  R an d  
l e t  H e  [ l , n ] .  T hen
d e t ( X )  = P„ |  PK V A S K '
w h e r e  t h e  su m m a t io n  i s  o v e r  a l l  K c [ l , n ]  s u c h  t h a t  | k | = | h | .
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1 . 1 2 .  Lemma. L e t  E an d  F b e  R - m o d u l e s  o f  f i n i t e
u
d i m e n s i o n s  m a n d  n r e s p e c t i v e l y .  Then, a  m o r p h i s m  E -» F 
i s  a  mono i f  a n d  o n l y  i f  m <; n a n d  A n n ( D ( u , m ) )  = 0 .
P r o o f  o f  L a p l a c e ' s  E x p a n s i o n  a p p e a r s  i n  [ 2 ] ,  1 . 1 2
i s  s t a t e d  i n  [ 2 , p .  9 8 j E x e r c i s e  3]  •
P a r t  A . L e t  E , F , G  b e  R - m o d u l e s  w i t h  F o f  f i n i t e
v  u
d i m e n s i o n  n .  L e t  E -+ F -» G b e  m o r p h i s m s  s u c h  t h a t
Im age  ( v )  c  K e r n e l  ( u ) . I f  p  a n d  q a r e  i n t e g e r s  s u c h
t h a t  0 < p , q  _< n a n d  p + q  > n ,  t h e n  D ( u , p ) D ( v , q )  = 0 .
P r o o f . We f i r s t  r e d u c e  t o  t h e  c a s e  when d im (E )  > n a n d
d im (G )  > n .  L e t  H b e  an R - m o d u l e .  L e t  E ® H -+ F b e  t h e
  0
m o r p h i s m  i n d u c e d  b y  v  a n d  H -* F .  C l e a r l y ,  u  v  = 0 an d
D ( v , k )  = D ( v , k )  f o r  a l l  k  = 1 , 2 , . . .  . So we may a s su m e
d im (E )  > n .  L e t  G -» G®H b e  t h e  c a n o n i c a l  i n j e c t i o n .  Then
( c u ) v  = 0 a n d  D ( u , k )  = D ( c u , k )  f o r  a l l  k  = 1 , 2 , . . .
So we may a s su m e  d im (G )  > n .  Now we r e d u c e  t o  t h e  c a s e  when
d im (E )  = d im ( F )  = d i m ( G ) . S u p p o s e  t h a t  P a r t  A i s  t r u e  u n d e r
t h e s e  c o n d i t i o n s .  L e t  ( e . )  , ( f . ) a n d  ( g . )  b e
i e  I  ^ e [ l , n ]  J j e J
b a s e s  Of E ,F  a n d  G r e s p e c t i v e l y .  L e t  V a n d  U b e  t h e
m a t r i c e s  o f  v a n d  u ,  r e s p e c t i v e l y ,  r e l a t i v e  t o  t h e s e
b a s e s .  L e t  K ,T  c  [ l , n ] ,  H e  J ,  S c I - 3 - | h (  = | k |  = p an d
J S|  = J T|  = q .  We m u s t  show Vg ^ = 0 . C hoose
N c  1 - 3  • | L|  -  n a n d  L H . C h o o se  " l  c  j  - 3 - | n |  = n- a n d
cN ^  S . L e t  E^ -*■ E b e  t h e  i n c l u s i o n  o f  t h e  s u b m o d u le
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7r
g e n e r a t e d  b y  ( e - ] i n t o  E.  L e t  G -+ GT b e  t h e  p r o j e c t i o n
l e N
o f  G o n t o  t h e  s u b m o d u l e  GT o f  G g e n e r a t e d  b y  [ g . ]
J £ L
C o n s i d e r  EN F ~ >  G^. We h a v e  ( i m ) ( v c )  = 0 .  I t  i s
JL JL
c l e a r  t h a t  i f  V a n d  Ur  a r e  t h e  m a t r i c e s  o f  v c  a n d
ttu, respectively, relative to (e. ) , (f ) , and
1 ieW -t-e [ l , n ]
^gj ' j e L J = V s , T  a n d  U^ ' K = Uh,K  * Sir3C6
d im (E N) = d i m ( F )  = d im (G L ) ,  D (ttu, p ) D ( v c ,  q)  = 0 .  H e n c e ,
£ £
UH KVS T = UH K VS T = °* ThUS We may a s su m e
d im (E )  = d i m ( F )  = d i m ( G ) . U n d e r  t h i s  a s s u m p t i o n ,  we may
a s su m e  t h a t ,  i n  f a c t ,  E = F = G. T h u s  we h a v e  t h e  f o l l o w i n g
s i t u a t i o n :  u  a n d  v a r e  e n d o m o r p h i s m s  o f  an  n - d i m e n s i o n a l
R - m o d u le  E*3 * u v  = 0 ,  0 < p , q  < n a n d  P + q > n .  We m u s t
show D ( u , p ) D ( v ,  q)  = 0 .  L e t  e-^, . . . ,  en b e  a  b a s i s  o f  E
a n d  l e t  U = ( u .  -) a n d  V = (v .  .)  b e  t h e  m a t r i c e s  o f  u  a n d
J- ej -L J
v , r e s p e c t i v e l y ,  r e l a t i v e  t o  e ^ ,  . . . , e n . L e t
H, K, S ,T  c  [ l , n ]  • 3 • |H |  = | k |  = p a n d  | s |  = | t |  = q .  We
m u s t  show t h a t  VI mUTJ. „  = 0 .  To do t h i s  we c o n s t r u c t  an
b j  1  i i  j  1 \
e n d o m o r p h i s m  w o f  E s u c h  t h a t  d e t ( w )  = t  Vg T K  f o r  
some r e g u l a r  e l e m e n t  t  o f  R. Then  t o  f i n i s h  t h e  p r o o f  we 
show t h a t  d e t ( w )  = 0 .  B e f o r e  c o n s t r u c t i n g  w we name some
■"ls p e c i a l  e n d o m o r p h i s m s  o f  E.  F o r  L c  [ l , n ] ,  E — > E  i s  t h e
p r o j e c t i o n  d e f i n e d  b y  7rxJ( e j_) = 6  i  e L 1 an d
^ L ^ 6 !^  = e i  i  e S e l e c t  o n e - t o - o n e  c o r r e s p o n d e n c e s
K' —> H' a n d  T '  s '  . L e t  a  = a " 1 a n d  0 = t - 1  . D e f i n e  
f
E ---- > E h y  f  ( e .  ) i f  i  e K a n d  f  ( e .  ) = e .  . i f
a 1 a 1 a(i)
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i  6 K 1 . D e f i n e  f  , f  , f Q s i m i l a r l y .  We h a v e  t h e  f o l l o w i n gt  * a /  p
p r o p e r t i e s .
( x )  irg  +  7Tg , -  irK +  irK , -  1 E
(ii) Ve = V '  Vo = V
(iii) 7rTfe = faTH = rHf0 = 7TgfT = 0 = f 7Tm T T
( i v )  f p v7rT + 1 E ar)d 7rH u f a  + 1 E a r e  m o n o s .
( i )  -  ( i i i )  a r e  r o u t i n e  c a l c u l a t i o n s .  F o r  ( i v ) ,  o b s e r v e  
t h a t  ( fp  V TTrp + 1^ ,)  ( x )  = 0 = > - x  = f fl vtt^ x ) =»'E P
i r ^ ( x )  = “ 7rTf p VTT^fx) = 0 => 7Tr r , ( x )  = X => X = - f fi V7rrp(TTrrI ( x ) ) = 0 .T (3 ’T V"T :
A s i m i l a r  a r g u m e n t  e s t a b l i s h e s  t h a t  tt^. u  f  + l g  i s  a l s o  
a mono.  Now l e t  w = ( tt^u  + f  ) ( v 7rm + f  ) .  We c a l c u l a t e
'  H cj T  T
d e t ( 7TgU + f  ) a s  f o l l o w s :  U s i n g  ( i )  -  ( i i i )  we g e t  t h a t
(TTHu f a  + 1 E ) ( 7rHU7rK + f a ) = 7rEu  + f a - By ( i v )  an d  1 . 1 2 ,
I t = d e t fT rw uf  + 1-p) i s  a  r e g u l a r  e l e m e n t  o f  R. H e n c e ,
x  x i i  oCf h i
d e t ( 7rHu  + f  ) = t ^ d e t  (fTgUTTg. = f a )> w h e r e  t 1 i s  r e g u l a r .  
I t  i s  e a s y  t o  s e e  t h a t  t h e  m a t r i x  o f  tty. u  t t„  + f  r e l a t i v en jS. G
t o  e ^ j . . . , e  h a s  t h e  f o l l o w i n g  f o r m :
H
H
K
u .  _•
0
K'
0
1  O' 
*
0
H e n c e ,  d e t ( T T g U 7Tg + f ff) = +  b y  L a p l a c e ' s  E x p a n s i o n .
T h u s ,  we h a v e  d e t ( 7Tg.u + f ^ )  = + t ^ U g  K . S i m i l a r  a r g u m e n t s
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show  t h a t  d e t ( v 7rT + f T ) = + T wi lere  1 2 = d e t  ( fg  vttt  + 1E )
I s  a  r e g u l a r  e l e m e n t  o f  R. H e n c e ,  d e t ( w )  =
d e t ( 7THu  + f CT) d e t ( v 7rT + f T ) = t ( J H K VS T w h e r e  t  = + t ^ t 2
i s  r e g u l a r .  Now we show t h a t  d e t ( w )  = 0 ,  L e t  W h e  t h e
m a t r i x  o f  w r e l a t i v e  t o  e ^ , . . . , e  . We h a v e
d e t ( W )  = Pm Hp W mW b y  L a p l a c e ’ s E x p a n s i o n .  L e t
J- L L L,  1 L , T 1
L c  [ l , n ] •3 * |L j  = | T J = q .  Then L fl H ^  |) s i n c e  
| H| = p a n d  p  + q > n .  C h o o se  j  e L f l H .  Then  7r [ j ] w7rT =
+ f a ) ( v 7rT + V ^ T  = ( ir-[-j]',rHU^ V 7rT + f T ^ T  =
( tt^j  j u ) ( v  ttt ) = 0 . H e n c e ,  t h e  ro w  o f  t h e  q x q  s u b m a t r i x
o f  W d e t e r m i n e d  b y  ro w s  i n  L a n d  c o l u m n s  i n  T i s  z e r o .
T h e r e f o r e  W^ ^  = 0 ,  a n d  d e t ( W )  = 0 .  F i n a l l y ,  s i n c e  t  i s
r e g u l a r ,  UH KVg T = 0 .
P a r t  B . I f  E -» F -» G a r e  m o r p h i s m s  o f  f . g .  f r e e  R - m o d u l e s
s u c h  t h a t  Im a g e  ( v )  => K e r n e l  ( u ) ,  t h e n  e i t h e r  d i m ( F )  < r k ( u )  +
d i m ( E )  o r  D ( v , d i m ( E ) )  c l / o .
P r o o f .  L e t  m = d i m ( E ) , n  = d i m ( F ) . S u p p o s e  D (v ,m )  f V o .
S i n c e  we w i s h  t o  show t h a t  m + r k ( u )  > n ,  we may s u p p o s e  
m < n .  S i n c e  D (v ,m )  £ V o ,  3 p , a  p r i m e  i d e a l  o f
r , . 3 .D (v ,m )  4  p .  C l e a r l y ,  [ D ( v , m ) ]  = D (v  ,m) = Rp an d
* J
D ( ( v  ) ,m) = D ( v  , m ) .  H e n c e ,  b y  [ 2 ,  p .  9 8 , E x e r c i s e  5 ] ,  
( vp ) * : ( Fp )*  ( Ep )*  i s  an  e p i .  T h u s ,  b y  [ 1 ,  p .  1 0 8 ,
P r o p o s i t i o n  6 ] ,  vp  i s  a mono a n d  vp ( Ep )  i s  a d i r e c t
summand o f  F . W r i t e  v  (E ) ® H = F a n d  l e t  H 5  F b e
P V K p '  P P
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t h e  c a n o n i c a l  i n j e c t i o n .  E v i d e n t l y ,  H i s  a  f r e e  Rp - m o d u l e  
o f  d i m e n s i o n  n - m .  S i n c e  Image- ( vp ) ^  K e r n e l ( U p ) ,  UpC i s  
a  m o n o .  S i n c e  H i s  f r e e  o f  d i m e n s i o n  n - m ,  r k ( U p C ) = n - m .  
S i n c e  r k ( u p c )  < r k ( u p ) ,  we h a v e  n - m  < r k ( u p ) . By 1 . 2 ,  
r k ( U p )  < r k ( u ) . T h e r e f o r e  n - m  < r k ( u ) .
P a r t  C . I f  D i s  a f . g .  i d e a l  o f  R s u c h  t h a t  Ann(D)  = 0 ,  
t h e n  D "Vo.
P r o o f . S u p p o s e  D c Mo . S i n c e  D i s  f . g . ,  t h e r e  e x i s t s  
an  i n t e g e r  n - 3 * Dn = 0 .  L e t  m + 1  ( m > 0 )  "be t h e  l e a s t
s u c h  i n t e g e r .  T h e n ,  0 = Dm+^ -  DDm =» Dm c  A nn(D)  = 0=*Dm = 0 .  
T h i s  c o n t r a d i c t i o n  p r o v e s  D ^  To .
P r o o f  o f  1 . 4 . R e c a l l  t h a t  we a r e  g i v e n  an  e x a c t  s e q u e n c e
0 ^  E F H g o f  f . g .  f r e e  R - m o d u l e s  a n d  m u s t  p r o v e  t h a t  
r k ( u )  + d i m ( E )  = d i m ( F ) . L e t  m = d i m ( E ) , n  = d i m ( F ) . By
1 . 1 2 ,  A n n ( D ( v , m ) )  = 0 .  H e n c e ,  h y  P a r t  B a n d  P a r t  C, 
r k ( u )  + m >  n .  By P a r t  A, D ( u , n  -  m + l ) D ( v , m )  = 0 .  H e n c e ,  
D ( u , n  - m + 1 )  c A n n ( D ( v , m ) )  = 0 .  T h e r e f o r e  A u*="^"0, i . e . ,  
r k ( u )  < n -  m. T h e r e f o r e ,  r k ( u )  -f- m = n*
CHAPTER I I
We c a l l  a  r i n g  R an F P - r i n g  i f  e a c h  f . g .  f l a t  
R -m o d u le  i s  p r o j e c t i v e .  I n  [ 3 ^ T h e o re m  2] S .  Endo p r o v e s  t h a t  
i f  R i s  a  r i n g  w h i c h  a d m i t s  a  m u l t i p l i c a t i v e  s y s t e m  S o f  
r e g u l a r  e l e m e n t s  s u c h  t h a t  R^ i s  - s e m i - l o c a l . ,  t h e n  R i s  an 
F P - r i n g .  I n  t h i s  c h a p t e r  we o b t a i n  a  s t r i c t  g e n e r a l i z a t i o n .
2 . 1 .  T h e o r e m .  L e t  R b e  a  s u b r i n g  o f  a  r i n g  S ( h a v i n g  t h e
same i d e n t i t y ) .  L e t  M b e  a  f . g .  R - m o d u l e .  T hen  M i s
p r o j e c t i v e  i f  and  o n l y  i f  M i s  f l a t  a n d  M g  S i s  a  
p r o j e c t i v e  S - m o d u l e .
I f  M i s  p r o j e c t i v e . ,  i t  i s  i m m e d i a t e  t h a t  M i s
f l a t  a n d  M S S  i s  a  p r o j e c t i v e  S - m o d u l e .  Two p r o o f s  o f  t h e
c o n v e r s e  a r e  g i v e n .  The f i r s t  i s  due  t o  M. A u s l a n d e r .  S .
Endo  p r o v e s  2 . 1  f o r  t h e  c a s e  when S i s  t h e  t o t a l  q u o t i e n t
r i n g  o f  R i n  [ 3 ] .  I f  I  i s  a  s e t  a n d  X an R-module . ,
Tt h e n  X d e n o t e s  t h e  R - m o d u le  o f  f u n c t i o n s  f r o m  I  i n t o  X
aI  j£ Iw i t h  p o i n t w i s e  o p e r a t i o n s .  R ® X -» X i s  t h e  n a t u r a l
t r a n s f o r m a t i o n  d e f i n e d  b y  a  ( f  f i x ) ( i )  = f ( i ) x  V i e  I
V f e R 1 V x  e X ,
2 . 2 .  Lemma. An R - m o d u le  X i s  f . p .  i f  a n d  o n l y  i f  f o r  e a c h
s e t  I  R1 S  X •? X^ i s  an i s o m o r p h i s m .
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M. A u s l a n d e r  h a s  p r o v e d  t h i s  r e s u l t  u s i n g  t h e  t h e o r y  
o f  c o h e r e n t  f u n c t o r s .  We s u p p l y  a  d i r e c t  p r o o f  a s  f o l l o w s :
2 . 3 .  Lemma. An. R - m o d u le  X i s  f . g .  i f  a n d  o n l y  i f  f o r  e a c h
s e t  I  R1  fi X 5  X1 i s  a n  e p i m o r p h i s m .
P r o o f  o f  2 . 3 * I f  X i s  f . g . , t h e n  t h e r e  i s  a  f . g .  f r e e  
R - m o d u le  F a n d  a n  e p i  F X. L e t  I  h e  a  s e t .  The 
d i a g r a m
->F '
I  fi cp
V
cp
R1  SX- ct,
com m utes  
I
S i n c e  F i s  f . g .  a n d  f r e e ,  a.
cp i s  a n  e p i .  T h e r e f o r e  i s  a n  e p i
i s  a n  i s o .  C l e a r l y ,  
C o n v e r s e l y  s i n c e
LX o' Xi s  a n  e p i  f o r  a l l  s e t s  I ,  R^ fi X •+ X i s  a n  e p i .  H e n c e ,  
3 y  eRX fi X *3 • 0 ( y )  = 1^  . W r i t e  y  = f ^  S  . . . +  f n  fi x n
w i t h  f ^  e R , x ^  e X. T h e n ,  f o r  x  e X, x  = l ^ ( x )  =
0  ( y ) ( x ) = f 1 ( x ) x - L + . . . +  f  ( x ) x n> H e n c e ,  x - ^  . . . , x r) g e n e r a t e  
X.
P r o o f  o f  2 . 2 . I f  X i s  f . p . ,  t h e n  h y  [ l , p .  6 2 , E x e r c i s e  91*
R"^  fi X -5 X^ i s  an  i s o  f o r  e a c h  s e t  I .  C o n v e r s e l y ,  X m u s t
b e  f . g .  b y  2 . 3 *  H e n c e ,  t h e r e  i s  an  e x a c t  s e q u e n c e  
0 - » K * + F - + X - » 0  w i t h  F f . g .  a n d  f r e e .  L e t  I  b e  a  s e t .  
The d i a g r a m
T  T T
0R1 fi K -» R1 fi F IR fi X
0  -* KJ F X'
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c o m m u te s  a n d  h a s  e x a c t  r o w s ,  a n d  aR a r e  i s o s .  H ence
c R i s  an  e p i .  S i n c e  I  i s  a r b i t r a r y /  K i s  f . g .  b y  2 . 3 .  
T h e r e f o r e *  X i s  f . p .
F i r s t  p r o o f  o f  2 . 1 . I t  i s  s u f f i c i e n t  t o  show t h a t  M i s  
f . p .  L e t  I  b e  a  s e t .  D e n o t e  b y  c t h e  i n c l u s i o n  
R^ c  . The  f o l l o w i n g  d i a g r a m  c o m m u te s .
U c ® ''"M I  R ®RM ------- —> S X ®RM -> S1 Sg(S^M)
M S S M
\ /
M -> ( S S rM)
S i n c e  S S DM i s  a  f . g .  p r o j e c t i v e  S -m o d u le *  i t  i s  f . p .  So K
S & M i s  an i s o  b y  2 . 2 .  S i n c e  M i s  f l a t *  c $ 1 ^  i s  a
m ono .  As t h e  d i a g r a m  commutes*  i s  a m ono .  S i n c e  M
i s  f . g . * M i s  an e p i .  T h e r e f o r e  aM i s  an i s o .  H e n c e
b y  2 . 2 .  M i s  f . p
The s e c o n d  p r o o f  o f  2 . 1 .  u s e s  t h e  F i t t i n g  i n v a r i a n t s
o f  M.
2 . 4 .  D e f i n i t i o n . L e t  R b e  a  r i n g  an d  M a  f . g .  R - m o d u l e ,  
uL e t  F - » E - » M - » 0  b e  an e x a c t  s e q u e n c e  w i t h  F a n d  E 
f r e e  a n d  E f . g .  S a y  d im (E )  = n .  We u s e  t h e  n o t a t i o n  o f  
[ 5 ] *  F o r  e a c h  n o n - n e g a t i v e  i n t e g e r  j* l e t  f ( j * M )  b e  t h e  
i d e a l  o f  R g e n e r a t e d  b y  t h e  (n  -  j ) - m i n o r s  o f  a  m a t r i x  o f
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u  . The  i d e a l s  f ( j , M )  a r e  t h e  F i t t i n g  i n v a r i a n t s  o f  M. They 
d e p e n d  o n l y  on M [ 4 ] .  L e t  F ( j , M )  = R / f ( j , M ) .
K. Mount p r o v e s  i n  [ 5 ] t h a t  a  f . g .  R -m o d u le  M i s  
f l a t  ( r e s p e c t i v e l y  p r o j e c t i v e )  i f  a n d  o n l y  i f  e a c h  o f  t h e  
c y c l i c  R - m o d u l e s  F ( j , M )  i s  f l a t  ( r e s p e c t i v e l y  p r o j e c t i v e ) .
S e c o n d  p r o o f  o f  2 . 1 . By [ 5 , T h e o rem  3]  i t  i s  s u f f i c i e n t  t o  
show t h a t  e a c h  o f  t h e  c y c l i c  R - m o d u l e s  F ( j , M )  i s  p r o j e c t i v e .  
As M i s  f l a t ,  so  i s  F ( j , M )  h y  [ 5 * T h e o re m  2 ] ,  S i n c e  
F ( j , S $ 2 R M) .= S & ^ F ( j , M )  a n d  s i n c e  S $ R M i s  a p r o j e c t i v e  
S - m o d u l e ,  S S R F ( j , M )  i s  a  p r o j e c t i v e  S - m o d u l e  b y  [5*
T h eo rem  3 ] •  H e n c e ,  i t  i s  s u f f i c i e n t  t o  p r o v e  2 . 1 .  w hen  M 
i s  c y c l i c .  F o r  M c y c l i c ,  we l e t  K = A n n ^ ( M ) . B e c a u s e  
SK = A nn .g (S S ^M ) a n d  b e c a u s e  S iS^M i s  a  p r o j e c t i v e  
S - m o d u l e ,  SK i s  g e n e r a t e d  b y  an i d e m p o t e n t  e o f  S .
T h u s  f o r  y  e SK e y  =■ y .  W r i t e  e = s ^ k ^ + . . ,+ s ^ k ^  w i t h  
s^  e S a n d  k^ e K. S i n c e  M i s  f l a t , 3 y e  K * 3 *yk^ = k^ 
f o r  a l l  i  = 1 , . . . , n .  H e n c e ,  e = e y  = y .  T h e r e f o r e ,  K = R e . 
So M i s  p r o j e c t i v e .
2 . 5 . T h e o r e m . I f  R i s  a r i n g  h a v i n g  p r i m e  i d e a l s
A i , . . . ,  s u c h  t h a t  fl A ^  J ( R )  , t h e n  R i s  an F P - r i n g .
P r o o f . ( c f .  [ 5 , C o r o l l a r y  3 * 2 ] )  I t  i s  s u f f i c i e n t  t o  p r o v e
e a c h  c y c l i c  f l a t  R - m o d u le  i s  p r o j e c t i v e  b y  [ 3 , C o r o l l a r y  3 - 1 ] -
L e t  M b e  a  c y c l i c  f l a t  R - m o d u l e ,  K = Ann( M) .  L e t  P  b e  a
p r i m e  i d e a l  o f  R. Then M = 0 o r  M = R . H e n c e ,p p p
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K c  p o r  K + p  = R. We may a s s u m e  K c  A^ i f  a n d  o n l y  
i f  i  < t . L e t  B = Ax n A2 n . . .0 At  (B = R i f  t  = 0 )  an d  
l e t  C = At + I n . . . 0  A (C = R i f  t  = n ) .  T h e n  K c  B a n d
K + C  = R. L e t  x  e K ,y  e C w i t h  x  + y  = 1 .  L e t  p  b e  a n y
m a x i m a l  i d e a l  o f  R. S i n c e  B f 1 C c j ( R ) c p  , B c  p  o r
C C p .  I f  B c  p ,  t h e n  K c  p s o  ( R x ) ^  c  = 0 ,  I f  
C c  p , t h e n  x  |  p  ( e l s e  1 = x + y s  p )  . H e n c e  
Kp 3  (Rx)  = Rp.  T h u s ,  (R x )p  = Kp f o r  a l l  m a x i m a l  i d e a l s  
p o f  R .  T h e r e f o r e ,  Rx = K. T h e r e f o r e ,  M i s  f . p .  a n d  
n e c e s s a r i l y  p r o j e c t i v e .
R e m a r k .  The c o n d i t i o n  i n  2 . 5  t h a t  e a c h  A^ i s  p r i m e  may 
b e  r e p l a c e d  b y  t h e  c o n d i t i o n  t h a t  e a c h  i d e a l  A^ h a s  t h e  
f o l l o w i n g  p r o p e r t y :  I f  K c R  a n d  R/K  i s  f l a t ,  t h e n  K5  A ^ o r  K+A^= R .
T o g e t h e r  2 . 1  a n d  2 . 5  i m p l y  t h e  f o l l o w i n g  c o r o l l a r y .
2 . 6 .  C o r o l l a r y . I f  R i s  a  r i n g  c o n t a i n e d  i n  a r i n g  R T
s u c h  t h a t  J ( R ' )  c o n t a i n s  a  f i n i t e  i n t e r s e c t i o n  o f  p r i m e
i d e a l s  o f  R* , t h e n  R i s  an  F P - r i n g .
2 . 7 °  E x a m p l e . L e t  D b e  an i n t e g r a l  d o m a in  w i t h  i n f i n i t e l y  
many m a x i m a l  i d e a l s .  L e t  M = ©D/p w h e r e  t h e  sum i s  o v e r
a l l  m a x i m a l  i d e a l s  p o f  D. L e t  R = D x M  w i t h  t h e  u s u a l
c o o r d i n a t e  a d d i t i o n  a n d  m u l t i p l i c a t i o n  d e f i n e d  b y  
( d , m ) ( d ' , m ' )  = ( d d 1 , d ' K i l d m 1 ) .  By [ l , p  . 1 7 9 ,  E x e r c i s e  1 2 ] ,R  i s  i t s  
own t o t a l  q u o t i e n t  r i n g .  The  p r o j e c t i o n  R -» D h a s  k e r n e l  
M. S i n c e  D i s  a  d o m a i n ,  M i s  a  p r i m e  i d e a l  o f  R .
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M2 = 0 so  M e  J ( R ) .  H e n c e ,  b y  2 . 5 ,  R i s  an F P - r i n g .  F o r  
a n y  m u l t i p l i c a t i v e  s y s t e m  S o f  R c o n s i s t i n g  o f  r e g u l a r  
e l e m e n t s ,  R = R g . C l e a r l y ,  R i s  n o t  s e m i - l o c a l .  Thus  
t h e  c r i t e r i o n  g i v e n  i n  2 . 6  i s  a  s t r i c t  g e n e r a l i z a t i o n  o f  t h e  
c r i t e r i o n  g i v e n  i n  [ 2 , T h e o re m  2 ] .
CHAPTER I I I
The f o l l o w i n g  a r e  p r o b l e m s  r e l a t e d  t o  t h e  t o p i c s  o f  
C h a p t e r  I  a n d  I I  w h i c h  a r e  s t i l l  o u t s t a n d i n g .
3 . 1 :  C h a r a c t e r i z e  F P - r i n g s .  I n  p a r t i c u l a r
g e n e r a l i z e  t h e  s u f f i c i e n t  c o n d i t i o n  o f  C o r o l l a r y  2 . 6 .  t o  a 
n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n .
3 . 2 ;  S u p p o s e  M i s  a  f . g .  f l a t  s u b m o d u l e  o f  a  
f r e e  R - m o d u l e .  F i n d  a  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  f o r  
M t o  b e  p r o j e c t i v e .  G e n e r a l i z e  t h e  r e s u l t s  o f  [ 5 ]  a b o u t  
f . g .  f l a t  i d e a l s .
3 * 3 :  L e t  F b e  a  f r e e  R - m o d u le  o f  d i m e n s i o n  n  < °° .
F o r  k  < n c h a r a c t e r i z e  t h e  p r o j e c t i v e  s u b m o d u l e s  o f  F o f  
r a n k  k  ( p r o j e c t i v e  R - m o d u le  M i s  o f  r a n k  k  i f  f o r  e v e r y  p r i m e  
i d e a l  p o f  R d im(Mp) = k ) . W. S m i t h  g i v e s  s u c h  a  c o n d i t i o n
f o r  n = k  = 1 i n  [ 5 ] .  The  f o l l o w i n g  i s  a  p a r t i a l
g e n e r a l i z a t i o n  o f  h i s  r e s u l t  f o r  a r b i t r a r y  n  b u t  n  = k .  A
f . g .  s u b m o d u l e  M o f  F i s  p r o j e c t i v e  o f  r a n k  n  i f  a n d  o n l y
i f  M i s  f l a t  a n d  (F/M) = 0 .
P r o o f :  We h a v e  an  e x a c t  s e q u e n c e  0 -» M ■+ F F/M -» 0
S u p p o s e  M i s  f l a t  a n d  (f / m ) = 0 .  L e t  p b e  a  p r i m e  i d e a l  
o f  R.  C l e a r l y ,  dim(Mp ) < d i m ( F p ) = n .  S i n c e  F/M i s  f . p . ,
[ (F /M )p ] *  ~  [ ( F /M )* ]p . H e n c e ,  [ ( F / M ) p ]*  = 0 .  So (vp )* i s  
a  m ono .  T h e r e f o r e ,  dim(Mp ) = d im ((M p ) ) > d i m ( ( F p ) ) = n .
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H e n c e , d im(Mp) = n. f o r  e v e r y  p r i m e  i d e a l  P o f  R .  So M
i s  p r o j e c t i v e  o f  r a n k  n .  S u p p o s e  M i s  p r o j e c t i v e  o f  r a n k
n .  L e t  p  b e  a  p r i m e  i d e a l  o f  R .  By Lemma 1 . 1 2 ,
A n n (D (v  , n ) )  = 0 .  S i n c e  D (vp , n )  = D ( ( v  ) * , n ) ,  (vp ) *  i s  a
mono b y  Lemma 1 . 1 2 .  T h e r e f o r e  [ (F/M) ] = 0 .  S i n c e  F/M
i s  f . p . ,  [ ( F / M ) p ]*  ~  [ ( F / M ) * ] p . T h e r e f o r e ,  [ ( F / M ) * ] p = 0
-X-
f o r  e v e r y  p r i m e  i d e a l  p o f  R .  H en ce  (F/M) = 0 .
3 . 4 :  C h a r a c t e r i z e  r i n g s  R w i t h  t h e  p r o p e r t y  t h a t
e a c h  f . g .  f l a t  s u b m o d u l e  o f  a  f r e e  R - m o d u le  i s  p r o j e c t i v e .
M. A u s l a n d e r  h a s  shown t h a t  a  s u f f i c i e n t  c o n d i t i o n  f o r  R t o
h a v e  t h i s  p r o p e r t y  i s  t h a t  a r b i t r a r y  p r o d u c t s  o f  R w i t h  
i t s e l f  b e  s u b m o d u l e s  o f  f l a t  R - m o d u l e s .
3 * 5 :  L e t  M b e  a n  R - m o d u l e .  D e t e r m i n e  n e c e s s a r y
a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  M t o  b e  a  s u b m o d u l e  o f  a  
f l a t  ( o r  f r e e )  R - m o d u l e .
3 . 6 :  I f  E - ^ F ^ G  a r e  m o r p h i s m s  o f  f . g .  f r e e
R - m o d u l e s  s u c h  t h a t  Im age  (v )  ^  K e r n e l  ( u ) ,  t h e n ,  i s  i t
n e c e s s a r y  t h a t  r k ( u )  + r k ( v )  > d i m ( F ) ?
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